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ABSTRACT 
This s tudy is an exper imenta l and t h e o r e t i c a l i n v e s t i g a t i o n of 
the a p p l i c a t i o n s of back and forward s c a t t e r F resne l holography to 
wa te r d r o p l e t s . The t h e o r e t i c a l holograms were cons t ruc ted on a d i g i t a l 
computer by determining the i n t e n s i t y of the s c a t t e r e d l i g h t from a 
d r o p l e t and a r e fe rence source at d i s c r e t e p o i n t s in a hologram mat r ix 
(128 x 128) . The r econs t ruc t ed image is obta ined by performing the 
F re sne l t ransform on the hologram matr ix us ing the Fas t Four ie r t ransform 
a lgor i thm. The back s c a t t e r l i g h t from the d rop l e t is obta ined using 
geomet r i ca l o p t i c s , whereas the forward s c a t t e r e d f i e l d i s obta ined by 
assuming the d rop le t is an opaque d i s c and u t i l i z i n g the Rayleigh-Sommerfeld 
theory of d i f f r a c t i o n . The corresponding exper imenta l holograms were 
taken with a helium-neon continuous wave l a s e r and using g l a s s beads from 
80 to 250 micrometers in diameter as a model of the water d r o p l e t s . 
I t i s shown t h e o r e t i c a l l y for both the back and forward s c a t t e r 
holograms t h a t the -10 dec ibe l and -3 dec ibe l w i d t h s , r e s p e c t i v e l y , of 
the r e c o n s t r u c t e d image i n t e n s i t y d i s t r i b u t i o n inc reases l i n e a r l y as the 
ob jec t d i s t ance from t h e hologram is decreased . Also , the -10 dec ibe l 
and -3 d e c i b e l wid th , r e s p e c t i v e l y , i nc rea se s l o g a r i t h m i c a l l y with 
hologram a r e a . A comparison of the t h e o r e t i c a l and exper imenta l i n t e n s i t y 
d i s t r i b u t i o n in the p lane of r e c o n s t r u c t i o n , of the r e c o n s t r u c t e d image 
was performed. I t i s a l s o shown t h a t t he p roper alignment of t h e 
hologram during the r e c o n s t r u c t i o n p r o c e s s , fo r both back and forward 
s c a t t e r holography, i s c r i t i c a l t o the r e c o n s t r u c t i o n o f the o r i g i n a l 
o b j e c t . The e f f e c t of alignment is more pronounced for back s c a t t e r 
holography than for forward s c a t t e r holography. Some previous information 
is required as to how the hologram was made or what the object is; 
otherwise it would be extremely difficult, if not impossible, to 
reconstruct the original object. 
Drop size measurements in back scatter holography can be made by 
measuring the diameter of the reconstructed image and dividing by the 
appropriate magnification. It is demonstrated that droplet diameters 
can be determined to within 15% by this technique. This method can also 
be used for forward holography size measurements. A more accurate 
technique, however, of size measurement in forward scatter holography 
is determined by noting that edge enhancement (intensity peak at the 
edge of the droplet) occurs in the reconstructed image. A relationship 
between the diameter of the peak and the actual droplet diameter is 
determined for sphere diameters from 20 to 250 micrometers and object 
distances from 10 to 20 centimeters. Experimental accuracy to within 4% 
is achieved with this technique. 
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1. INTRODUCTION 
One of the most important aspects in the development of rain is 
the interaction of cloud droplets whereby they coalesce into drops large 
enough to fall to earth or disrupt into smaller drops and remain in the 
cloud. The only way to investigate this phenomena in its natural 
environment without disturbing the process is by studying the scattered 
electromagnetic fields from the droplets. 
Up to now the most widely used airborne technique for cloud droplet 
size determination has been to impact the drops on oil coated slides. 
Since the advent of the laser in 1960, there has been considerable 
interest in a photographic technique called "Holography" which was 
developed by Gabor in 1948 (Gabor; 1949, 1951). Two of the most important 
aspects which make holography extremely attractive for droplet studies 
are the large depth of field capability and the reconstruction of the 
object in three dimensions (Leith and Upatnieks, 1962; Stroke, 1966). 
Holography therefore, lends itself to the experimental investigation of 
a volume such as cloud droplets suspended in the atmosphere, water drops 
in steam, or any other particulate matter that may be suspended in air. 
The main disadvantage of holography is that the optical setup and object 
must be free from all motion to within a fraction of the laser wave­
length during the exposure of the film. This problem can be easily 
solved by using a pulse laser of sufficiently short duration to stop all 
motion. There have been problems of coherence with pulse lasers, but 
they are being readily solved as technology advances. 
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Until recent ly , l i t t l e research has been done by u t i l i z i n g computer 
constructed and reconstructed holograms in determining holographic 
proper t ies for the study of water drople ts . Also, there has been only 
a small amount of experimental research done on droplet analysis by 
holographic means. 
The invest igat ion reported in the following pages has been 
separated in to two main p a r t s , i . e . , back s c a t t e r holography and forward 
s c a t t e r holography. Each of the par ts contains the computer hologram 
construction in conjunction with the corresponding experimental hologram 
inves t iga t ion . Throughout t h i s report back sca t te red l igh t is considered 
as the l i gh t sca t te red in a general di rect ion towards the source whereas 
forward sca t te red l igh t is considered as scat tered away from the source. 
In both the back and forward s c a t t e r theore t i ca l s tud ie s , the 
effects of object distance from the hologram and hologram s ize on the 
reconstructed image is invest igated. An analysis of the theore t ica l 
in tens i ty d is t r ibu t ion of the reconstructed image is performed with 
regard to dropsize measurements. The back s c a t t e r l i g h t is obtained 
by assuming the water drop to be a sphere of ref ract ive index n = 1.33 
and using geometrical op t i c s . The forward scat tered l igh t is obtained 
by assuming the water drop to be an opaque disc and u t i l i z i n g the theory 
of d i f f rac t ion . This is discussed in Sec. 2 . 2 . 1 . Throughout t h i s 
report the wavelength of l igh t λ is 632.8 nm. The amplitude of the 
incident l i gh t beam is normalized to uni ty . It is a lso assumed tha t 
the time variat ion is of the form exp(jωt) and tha t a l l media are 
homogeneous, i so t rop ic , and lo s s l e s s . 
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The corresponding experimental holograms for both the back and 
forward s c a t t e r par ts use glass beads instead of actual water droplets . 
As far as the reconstructed image is concerned there is very l i t t l e 
detectable difference, if any. The holograms are made with a 
helium-neon gas laser of λ = 632.8 nm. An analysis of the in tens i ty 
d is t r ibu t ion of the reconstructed image is performed and techniques 
for dropsize measurements are considered. The effect of misalignment 
of the hologram during the reconstruction process is also invest igated. 
All normalizations are made with respect to the sphere diameter 
unless otherwise specified and the holograms are a l l made in the 
Fresnel or Fraunhofer region of op t ics . The ent i re computer work for 
th i s report was done with the University of I l l i n o i s IBM 360/75 
computing system. 
2. HISTORICAL REVIEW 
2 . 1 T h e o r e t i c a l I n v e s t i g a t i o n 
2 . 1 . 1 Background 
With t h e i nc rea sed speed and v e r s a t i l i t y of d i g i t a l computers 
and the development of modern numerical a n a l y s i s t e c h n i q u e s , t h e use 
of the computer to genera te and r e c o n s t r u c t holograms has become t r a c t a b l e . 
This a b i l i t y af fords an e x c e l l e n t method of q u a n t i t a t i v e l y i n v e s t i g a t i n g 
t h e ho lograph ic process wi th r e s p e c t to f i l t e r i n g and imagery t e c h n i q u e s . 
By computer s i m u l a t i o n , an e v a l u a t i o n of t h e l i m i t a t i o n s , problems, and 
var ious o the r f a c t o r s involved in the ho lograph ic process can be 
performed. Also , modi f ica t ion in t h e record ing or r e c o n s t r u c t i o n p rocess 
can be eva lua ted before a s i z e a b l e q u a n t i t y of money is i nves t ed in a 
p ro to type in s t rumen t . -
The i n i t i a l i n v e s t i g a t i o n of computer-generated holograms has been 
r e p o r t e d by s e v e r a l groups of r e s e a r c h e r s : Brown and Lohman (1966) , 
Waters (1966) , and Keeton (1968) . Lesem et a l . (1967) have w r i t t e n a 
paper concerning t h e computer genera t ion and r e c o n s t r u c t i o n of holograms 
using Four i e r t ransform t e c h n i q u e s . They had some success in 
cons t ruc t i ng the hologram e n t i r e l y wi th the computer and then o p t i c a l l y 
r e c o n s t r u c t i n g the image from the computer-generated hologram. 
2 .1 .2 Computer-Synthesized Holograms of Water Drops 
The t h e o r e t i c a l c a l c u l a t i o n of t h e s c a t t e r i n g of a p l a n e , 
monochromatic, l i n e a r l y p o l a r i z e d e l ec t romagne t i c wave by a sphere of 
4 
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arbi t rary size was f i r s t performed by Mie (1908). A comprehensive 
invest igat ion of the l igh t sca t ter ing from a water drop was reported 
by Van De Hulst (1957). The c lass ica l Mie solut ion is an i n f in i t e 
ser ies of spherical Bessel functions and Legendre polynomials. Until 
recent ly , with the advent of the d i g i t a l computer, it was extremely 
tedious to calculate the Mie scat tered f ie ld for more than a few points 
of observation. 
By u t i l i z i n g the computer, Hickling (1968) generated a hologram of 
a water drop using the Mie solution for the scat tered l i g h t . Hickling 
calculated the interference patterns formed on a hypothetical hologram 
by an e l e c t r i c dipole reference source and the scat tered l igh t from the 
drop. The in tens i ty of the interference pat terns was then displayed 
as a d is t r ibut ion of various shades of gray on a cathode-ray tube and 
photographed. The film transparency obtained was the hologram of the 
water drop. An image of the drop was reconstructed by il luminating the 
hologram with a helium-neon continuous wave l a se r . 
It was discovered that as the reconstructed image was viewed from 
various directions the in tensi ty of the image underwent maxima and 
minima; the maximum intensi ty of the image coincided with the appropriate 
maximum in tens i ty of the scat tered electromagnetic radiat ion from the 
drop (likewise for the minimum in t ens i t y ) . Since these maxima and 
minima are readily discernible for drops of diameter between 0.5 to 
20 urn, Hickling suggested tha t the dropsize could be determined by 
analyzing the angles of the maxima and minima. This suggestion has been 
re la t ive ly recent and consequently, no resu l t s have been reported as 
ye t . 
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2.2 Experimental Invest igat ion 
2.2 .1 Background 
With the pr inciples of holography es tabl ished, Parrent and 
Thompson (1964) decided to invest igate the diffraction pat terns formed 
in the forward scat tered direct ion when an object is i l luminated with a 
coherent, quasi-monochromatic, collimated beam of l i g h t . They did th i s 
in order to determine what information could be obtained about the 
object solely with the knowledge of the interference pa t t e rn s . The 
Fraunhofer diffraction pat terns of opaque and semi-transparent objects 
were studied. A theore t i ca l analysis was performed on the diffract ion 
pat tern from opaque c i rcu lar and rectangular objects using the 
Rayleigh-Sommerfeld theory of diffraction (Born and Wolf, 1959). It was 
shown that by comparing the experimental in tens i ty d is t r ibut ions in 
the hologram with the calculated theore t i ca l in tens i ty pat terns in the 
plane of the hologram a p a r t i c l e size could be readily determined. It 
was also found that the diffract ion pat terns of suff ic ient ly small glass 
beads or water droplets could not be distinguished from the pat terns of 
opaque discs of equivalent cross-sect ion. 
2.2.2 Laser Fog Disdrometer 
Silverman, Thompson, and Ward (1964) used the resu l t s of the 
preceding section to develop an instrument in order to size and count 
cloud droplets in a natural ly occurring fog. The basic idea was to 
illuminate a volume of fog with a pulse l ase r and construct a forward 
sca t t e r hologram using the unperturbed l a se r l ight as a normally incident 
plane wave reference source. Thus by analyzing the in tens i ty d is t r ibut ion 
on the hologram the s ize of the water droplet could be determined. 
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There are, however, two inherent problems with analyzing the 
hologram: 1) only very simple structures can be analyzed in this 
manner, 2) if several droplets are relatively close to each other, the 
diffraction patterns become impossible to interpret. With these 
limitations in mind, De Velis et al. (1966) began to investigate the 
reconstructed image. Shortly thereafter Thompson et al. (1966) modified 
the data retrieval method by illuminating the hologram with a continuous 
wave laser and thereby reconstructing the entire sampled volume. A 
lateral slice of the reconstructed volume is then imaged onto a 
photo-sensitive surface of a closed circuit television camera and 
displayed on a television screen to be sized, counted, photographed, 
etc. By moving the hologram axially with respect to the television 
camera, a different lateral section can be displayed and eventually the 
entire volume can be processed. Since the edge of the reconstructed 
droplet intensity distribution is not infinitely steep with respect to 
lateral distance, the size of the droplet will vary slightly as the 
brightness of the television screen is varied. A similar result occurs 
in photographing the reconstructed image by varying the exposure time. 
Another problem to be considered with this finite descent of the image 
intensity distribution is where the true diameter of the original droplet 
is located. A brief review of the basic principles of the disdrometer 
and various other factors involved with the instrument were reported by 
Thompson et al. (1967). A different approach is discussed in Sec. 6.2.4 
3. CONSTRUCTION OF THE BACK SCATTERED HOLOGRAM 
3.1 Introductory Concepts 
3.1.1 Background 
The classical Mie solution for the scattering of an electromagnetic 
field by a dielectric sphere is obtained by expanding the incident and 
scattered fields in terms of an appropriate set of eigenfunctions 
(Van De Hulst, 1957, Chap. 9). A unique solution is obtained by 
evaluating the coefficients of each eigenfunction in order to satisfy 
the boundary conditions at the sphere surface and the radiation condition 
at infinity. The radius, a, of the cloud droplets of interest are large 
compared to wavelength and, consequently, the Mie series solution 
converges very slowly and a different approach should be taken. 
Various approximate methods for calculating the scattering of 
dielectric spheres have been considered. The most useful for this 
situation is geometrical optics (Kouyoumjian, 1965). Kouyoumjian et al. 
(1963) and Peters et al. (1965) have verified that modified geometrical 
optics yields a good approximation to the experimental back scattered 
field. There are, however, far too many publications written concerning 
the scattering from metallic and dielectric spheres to be mentioned 
in this report. If the reader, nevertheless, is interested in obtaining 
more information, a good place to begin is a book by Van De Hulst (1957) 
and the August, 1965 issue of the Proceedings of the I.E.E.E., which 
is entirely devoted to radar reflectivity. 
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3.1.2 Geometrical Optics 
Geometrical optics has been used qui te extensively for many years 
in predict ing the overal l propagation effects of lenses , mir rors , e t c , on 
l i g h t . The theory of geometrical optics is based on Fermat's pr inciple 
which s t a t e s that the opt ical path of a ray of l i gh t between two points 
must be s ta t ionary . In an i so t rop i c , homogeneous medium the ray path is 
a s t ra igh t l i n e , but at a discrete boundary between two i so t rop i c , 
homogeneous media, the ray path wi l l undergo a sh i f t in d i rec t ion . 
In geometrical op t ics , the r ad i i of curvature of the interface are 
large compared to the wavelength and therefore , it can be assumed that 
the boundary is local ly plane with respect to the central ray of the 
penci l of r ays . Thus, the laws of ref lec t ion and refract ion for a plane 
d i e l ec t r i c surface (Snel l ' s Laws) can be applied to each ray. The Snell 
ref lec t ion and refract ion coefficients for a plane wave incident on a 
plane interface while t ravel ing from region 1 in to region 2 are 
respect ive ly , 
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(Stratton, 1941, p. 490). The index of refraction for regions 1 and 2 
are n1 and n2, respectively, and α, β are the angles that the incident 
are refracted rays, respectively, form with the normal to the surface. 
The subscripts 1, 11 on the Snell coefficients denote whether the 
electric field is perpendicular or parallel to the plane of incidence. 
In geometrical optics all orientations of linearly polarized light are 
present in a pencil. The square of the total reflection or refraction 
coefficient is obtained by dividing the average (with respect to 
orientation) reflected or refracted intensity by the incident intensity. 
Thus, the total reflection and refraction coefficients become 
where the two arguments in the coefficient names are the corresponding 
variables in (3.1). Thus, by utilizing (3.2) in conjunction with (3.1), 
the amplitude of the ray after a reflection or refraction can be 
obtained. 
The spatial attenuation of a pencil of rays as it traverses a 
lossless, isotropic, homogeneous medium is solely due to the divergence 
of the pencil and is calculated by utilizing the conservation of energy 
flux (Born and Wolf, 1965, p. 113). The ratio of the intensities of 
the rays at two distinct points is inversely proportional to the ratio 
of the gaussian curvatures at those points. The ray amplitudes, 
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however, are more useful for the purposes of this report. The ray 
amplitude in geometrical optics is proportional to the square root of 
the intensity and therefore yields the relation 
where A , A are the ray amplitudes at the points n and m, respectively; 
and Gn, Gm are the respective gaussian curvatures. The | | denote the 
absolute value of the quantity inside when the quantity is a scalar. The 
absolute value of the ratio Gn/Gm is taken because the quantity may 
become negative as caustics are traversed. The caustics are considered 
in the calculation of the phase factor. The phase of the ray is obtained 
by calculating the total optical distance the ray has traveled. The 
total optical field at a point is the superposition of all the rays that 
pass through the point. A rigorous description of geometrical optics is 
given by Born and Wolf (1965). 
Without any loss of generality, the center of the drop will be 
placed at the origin of the rectangular coordinate system. The incident 
plane wave can be considered as composed of an infinite number of pencil 
rays and by the superposition of the appropriate rays, an approximate 
value of the scattered light in a particular direction of observation 
can be obtained. A few typical rays scattered by a water drop are shown 
in Fig. 3.1a. The ray which reflects back from the illuminated surface 
without entering the sphere is designated Ray 0 and the ray which emerges 
from the sphere after only 1 internal reflection is designated as Ray 1 
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Figure 3.1. Diagram of the various rays 
in a dielectric sphere. 
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and so forth. Fig. 3.1a shows numerous rays which undergo multiple 
internal reflections before emerging from the sphere. If these multiple 
reflected rays are considered, the analysis would become extremely 
involved. In the interest of obtaining preliminary but useful results, 
only Rays 0 and 1 as shown in Fig. 3.1b are considered. A quantitative 
justification is given in section 3.4.1. 
3.2 Ray 0 
3.2.1 Ray Path 
The coordinates of the emergent point e of Ray 0 on the surface of 
the sphere (Fig. 3.2a) are 
where a is the radius of the sphere, is the angle in the x-y plane 
that the radius vector through point e forms with the x-axis , and αe 
is the angle th i s radius vector forms with the z-axis (Fig. 3.2b). The 
respective vector expressions for the incident and reflected rays , and 
the radius through point e are 
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Figure 3.2. Diagram of the ray path for ray 0. 
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where the bar above the variable name indicates a vector quant i ty , the 
caret above the variable name denotes a uni t vector , and p, q, r are 
the appropriate direct ion cosines for the vector which extends from 
point e to the point of observation h in the hologram (Fig. 3 .2) . The 
direct ion cosines are 
where Leh is the Euclidean length of the vector Henceforth, a l l 
the vector lengths w i l l be denoted by the appropriate symbol without the 
superscript ba r . 
Since and are coplanar (S t ra t ton , 1941, p. 490), then 
where x s ign i f ies the vector cross product, is the zero vector . In 
order for (3.7) to be sa t i s f i ed 
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which can be obtained by substituting Eqs. (3.5) into (3.7) and 
performing the indicated operations. Upon substitution of (3.4) into 
(3.6) and in turn (3.6) into (3.8) and simplifying, the expression (3.8) 
becomes 
or 
Equation (3.9) indicates tha t is solely dependent upon the xh, 
yh coordinates of the point of observation. Consequently, anywhere in 
the plane of incidence, which is specified by the l ine yh/xh = tan  
and the z -ax i s , is a constant modulo π. 
In order to evaluate αe it is necessary to u t i l i z e Sne l l ' s Law of 
r e f l ec t ion . Therefore, 
where • denotes the sca la r product. Upon subst i tut ion of the appropriate 
expressions (Eq. (3.5)) for the vectors , (3.10) becomes 
The direction cosines for the emergent ray (Fig. 3.2) are 
17 
and 
where 
P 
q 
r 
= sin γ cos , 
= sin γ sin , 
= cos γ 
p2 + q2 + r2 = 1 , 
(3.12) 
and γ is the angle a vector forms with the z-axis. 
Substitution of (3.12) into (3.11) yields, upon simplification. 
or 
The angle 3, which the refracted ray forms with the normal to the surface 
(Fig. 3.2b), is 
where n is the index of refraction of water. Eq. (3.14) is obtained 
by Snell's Law of refraction. 
Therefore, as soon as the direction cosines for the emergent ray 
are known, (Eq. (3.9)) and αe (Eq. (3.13)) can be evaluated and the 
ray path completely specified. In order to evaluate a , however, the 
knowledge of Γ is necessary which depends upon the point of emergence of 
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the ray as well as the point of observation. An i t e r a t i on must be 
performed in solving (3 .13) . In most cases for small drople ts , the 
point of observation is suff ic ient ly far from the droplet to render 
Y independent of the point of emergence and the i t e ra t ion suff ic ient ly 
converges to the correct value in two or three s t eps . 
3.2.2 Amplitude and Phase of Ray 0 at the Point of Observation 
As discussed in Sec. 3.1.2, the amplitude of a ref lected or refracted 
ray is determined by using (3 .2 ) . The divergence loss is obtained from 
(3 .3 ) . Before (3.3) can be used, however, the curvature of the pencil 
wavefront must be obtained. The curvature of the pencil af ter a 
ref lect ion or refract ion at a boundary, and t raversa l through a homogeneous, 
i so t ropic medium is obtained using a method developed by G. A. Deschamps* 
which is very convenient for th i s problem. An a l ternat ive approach to th i s 
problem appears in Born and Wolf (1965, Chap. 4). 
The curvature matrix for a spherical surface of radius a, which is 
convex with respect to the ray, is 
The curvature matrix for a plane surface or a plane wave penci l ray is 
the 2 x 2 nu l l matrix. The curvature matrix for a ray reflect'ed from a 
d i e l e c t r i c sphere in a i r i s 
* A summary of th is technique is given in the Appendix 
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where C. is the incident ray curvature matrix, a is the angle that the 
incident ray forms with the normal to the surface, and the -1 superscript 
indicates the inverse of the matrix θ. The matrix θ is defined as 
For Ray 0 the curvature of the ray after the reflection at point e is 
which simplifies to 
where the subscript on the matrix name denotes the point of contact and 
the - or + symbols as superscripts denote whether the curvature matrix 
is evaluated previous to or subsequent to contact, respectively. The 
corresponding focal matrix (focal matrix is the inverse of the curvature 
matrix) is 
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The foca l ma t r ix at t he p o i n t of obse rva t ion Fh is given by 
which I is the 2 x 2 i n d e n t i t y ma t r i x . S u b s t i t u t i n g express ion (3 .19) 
for i n (3 .20) y i e l d s 
the gauss ian curva ture at a p o i n t n is given by 
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where det ( ) denotes the determinant of the matrix inclosed in the 
parenthesis. Substitution of (3.22) into (3.3) yields 
By substituting (3.19) and (3.21) into (3.23), the amplitude at the 
point of observation is given by 
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If Leh is large and αe < 90° Eq. (3.24) reduces to 
It is assumed throughout this report that the amplitude of the incident 
plane wave is unity and therefore where αe and β are 
determined from (3.13) and (3.14), respectively, and RC from Eq. (3.2). 
Thus, the amplitude at the point of observation is 
Before the phase of the optical ray at the point of observation can 
be evaluated, a reference point must be established. Without any loss 
in generality, the phase will be set equal to zero at the center of the 
sphere (origin of the coordinate system). The phase S at the point of 
incidence, which coincides with the point of emergence for this case 
(Fig. 3.2) is given by 
Se = exp (jkz e). (3.27) 
The phase at the point of observation in the hologram for Ray 0 is 
Sh = exp [jk (ze - L e h ) ] . (3.28) 
There is no factor in (3.28) due to a caus t ic , because there are no 
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caustics in a pencil formed by the ref lec t ion of a plane pencil from a 
convex spherical surface. 
F inal ly , the op t ica l f i e ld at the point of observation due to 
Ray 0 i s 
3.3 Ray 1 
3.3.1 Ray Path 
As in the case of Ray 0, the surface determined by the incident 
and emergent ray of one internal reflection is also a plane (Fig. 3.3). 
The preceding statement is proved by using the coplanar property of the 
rays at the point of contact and the fact that all the normals of the 
sphere surface intersect at the center 6f the sphere. The coordinates 
of the point i and the expression for the vector (Fig. 3.3) are 
xi = α sin αi cos  
yi = α sin αi sin (3.30) 
zi = α cos αi , 
and 
Since the plane of emergence and incidence are coplanar, Eq. (3.7) 
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PLANE OF INCIDENCE 
Figure 3.3. Diagram of the path of ray 1 in 
the incident plane. 
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must a lso be s a t i s f i e d for Ray 1. Proceeding in a manner analogous to 
that for Ray 0, it can be shown that for Ray 1 is also evaluated by 
using ( 3 . 9 ) . From Fig. 3.3 i t is eas i ly rea l i zed that 
Eq. (3.31) can be ver if ied rigorously by noting tha t the ray plane must 
sa t i s fy 
in conjunction with the appropriate subs t i tu t ions from (3.5) and (3 .30) , 
(3 .31) . 
For Ray 1 Sne l l ' s Law of ref lect ion is 
which becomes upon u t i l i z a t i o n of (3.5) and (3.30) 
By subs t i tu t ing the appropriate expressions from (3 .12) , (3.34) 
simplifies to 
cos αi = cos (Γ - αe ) (3.35) 
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which reduces to (Fig. 3.3) 
αe= αi + γ • (3.36) 
The refracted angle 8 (Fig. 3.3) is given by 
The angles around the center of the sphere in the plane of incidence 
must sum to 2π (Fig. 3.3), that is 
αi + 2(π - 2β) + αe = 2π . (3.38) 
Substitution of (3.36) and (3.37) for αe and β into (3.38) yields, after 
rearranging terms, 
In order to solve (3.39) for αi the same problem is encountered here 
as in solving Eq. (3.13). That is, γ not only depends on the point of 
observation but also on the point of emergence of the ray which is 
related to αi. Thus, an iterative technique must be employed in order 
to solve the non-linear Eq. (3.39). The method employed was to find the 
unconstrained minimum of the quadratic of (3.39) by the method of conjugate 
gradients (Fletcher and Reeves, 1964). The values of αi and γ at the minimum 
are the roots of the equation. The rearrangement of (3.39) yields a very 
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useful form in order to obtain an initial approximation to the roots. 
That is, 
A graph of γ versus αi is shown in Fig. 3.4 which was plotted assuming 
αi independent of γ. Fig. 3.4 shows that αi is multi-valued for a 
γ > 0.26. Thus, by establishing a point of observation, an initial γ 
can be calculated from the sphere center to the point and an initial αi. 
can be obtained from Fig. 3.4. Since the points of observation were in 
the far field, αi had little effect upon y and at most 4 iterations were 
required to obtain sufficient accuracy. 
All the necessary parameters have been obtained to determine the 
ray path with the evaluation of (3.9), αi and γ (3.39), αe (3.36), 
and β (3.37). The length of the vectors Lib, Lbe are the same and can 
be determined easily using Fig. 3.3 and a little geometry. Thus, 
Lib = Lbe = 2αcos β   (3.41) 
3.3.2 Amplitude and Phase of Ray 1 at the Point of Observation 
The calculation of the amplitude is performed in a manner analogous 
to that in Sec. 3.2b, except that for this case there are two points 
of refraction and one of reflection. Throughout this section it may be 
necessary to refer to Fig. 3.3. 
The curvature matrix Ct for a ray refracted by a curved surface is 
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Figure 3.4. Graph of the emergent angle (γ) as a 
function of incident angle (αi) for ray 1. 
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where Ci, θ, Cs are defined in Sec. 3.2b and the t as a subscript of 
the matrix θ denotes the use of the refracted angle β as the argument 
rather than the incident angle α, as defined in (3.17). The quantity 
∆ is defined as 
where is the unit normal of the surface at the point of incidence, 
is the vector wave number of the refracting medium, and is the 
vector wave number of the incident medium. At the point of incidence i, 
the quantity and the curvature matrix just 
after the refraction is 
Performing the indicated operations and simplifying, (3.43) becomes 
the corresponding focal matrix is 
29 
where  
and  
The focal Matrix just before point b is given by 
which becomes, upon substitution of (3.41) and (3.45) for the appropriate 
quantities, 
where B 11 = A11 + 2α cos β 
B22 = A22 + 2α cos β . 
From (3.23) the amplitude ratio of points b to i is 
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The curvature matrix just before point b is 
and the curvature for the sphere is -C because it has changed from 
s 
convex to concave with respect to the ray. The curvature matrix after 
reflection at point b (Eq. (3.16)) is 
and the focal matrix is 
where  
The focal matrix jus t before point e is 
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where  D 11 = C11 + 2α cos β 
D22 = C22 + 2α cos β 
and the amplitude ratio between points b and e is 
the corresponding curvature matrix is 
The curvature matrix after the refraction at point e (obtained by 
utilizing (3.42)) is 
where ∆e = k (n cos β - cos αi) . 
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Eq. (3.55) becomes, after performing the indicated matrix operations 
and simplifying, 
where  
The corresponding focal matrix is 
The focal matrix at the point of observation is 
and, finally, the amplitude ratio of points e and h is 
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Up to now the attenuation factors at the boundaries of the sphere have 
not been considered. By tracing the ray path (Fig. 3.3) and noting the 
appropriate angles, the reflection or refraction coefficients (calculated 
from (3.2)) at the boundaries are 
TCi(αi, β), RCb(β, αi), and TCe (β, αi) 
where the s u b s c r i p t s on the funct ion name denote t h e p o i n t s at which 
they are eva lua t ed . 
The phase at t he po in t of observat ion for Ray 1 is obtained in a 
manner analogous to t h a t done fo r Ray 0. The phase at t h e po in t of 
observa t ion is given by 
S1 = exp[ jk(z i - Leh - 4αncos β) - j J π / 2 ] (3 .60) 
where the f i r s t term in the exponen t i a l e s t a b l i s h e s a r e f e r e n c e , the 
second term is the phase delay due to the ray t r a v e l i n g from po in t e to h ,  
and the t h i r d term is phase delay from t r a v e r s a l i n s i d e the sphere . The 
l a s t term in the exponen t ia l accounts for the t r a v e r s a l of a c a u s t i c . 
Each t ime a c a u s t i c is t r a v e r s e d a delay of π/2 is added to the phase of 
the ray and f o r J c a u s t i c t r a v e r s a l s , t he t o t a l phase delay i s J π / 2 . 
A c a u s t i c is t r a v e r s e d if any of the r a t i o s A11/B11 , A22/B22 , C11/D11 , 
C 2 2 /D 2 2 , E 1 1 / (E 1 1 + L e h ) , o r E 2 2 / (E 2 2 + L e h ) are n e g a t i v e . 
F i n a l l y , the t o t a l f i e l d a t the po in t of observat ion due to Ray 1 is 
U1 = T C i ( α i , β) RCb(β, αi) TCe (β, αi) Hbi Heb Hhe S1 (3 .61) 
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where a l l the quant i t ies in t h i s expression have been defined e a r l i e r 
in t h i s sec t ion . 
3.4 Exclusion of Various Optical Rays 
The glory ray (Van De Hulst , 1957) is an off axis ray which 
contributes to the di rect back sca t te red f i e l d . The glory ray associated 
with Ray 1, however, does not ex i s t for a water drop which has an index 
of refract ion n = 1.33. It can be shown by se t t ing γ = 0 in (3.39) tha t 
a solution for α i. (such that 0 < α i < π / 2 ) ex i s t s only if the index of 
refract ion s a t i s f i e s the inequal i ty 2 > n > 1.414. Thus, there is no 
contribution to the scat tered l i gh t from th i s glory ray. 
The rainbow ray (Van De Huls t , 1957) is a wavelength phenomenon 
which occurs when the ray path of an in te rna l ly ref lected ray is s t a t ionary . 
For Ray 1, the rainbow ray occurs at the maximum value of y as shown in 
Fig. 3.4, tha t is γ = 0.74 (42 .5°) . The addit ional attenuation 
associated with the rainbow ray was calculated by Peters et a l . (1965). 
For the droplet sizes considered in th i s r epor t , the additional l igh t 
received from the rainbow ray for γ ≤ 20° is less than 3% and consequently, 
it is a reasonable assumption to disregard the rainbow ray e n t i r e l y . 
The ray with two in te rna l ref lec t ions does not emerge from the 
drop with y < 0.86 (48°) as shown in Fig. 3 .5 . This ray also does not 
contribute to the point of observation for which γ < 20°. For rays with 
more than two in terna l r e f l ec t i ons , it is reasonable to assume tha t 
t h e i r contribution would not be s ignif icant enough to warrant the computer 
time needed to evaluate them. 
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Figure 3.5. Graph of the emergent angle (γ) as a 
function of incident angle (αi) for ray 2. 
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3.5 Cons t ruc t ion of Hologram 
3 . 5 . 1 Computer Hologram Cons t ruc t ion 
The c o n s t r u c t i o n of the t h e o r e t i c a l hologram is performed by-
e v a l u a t i n g the i n t e n s i t y o f the t o t a l s c a t t e r e d f i e l d a t d i s c r e t e p o i n t s 
in a back s c a t t e r e d h y p o t h e t i c a l p l a n e . A 128 x 128 hologram ma t r i x is 
formed and s t o r e d in the memory of t h e computer. The p o i n t s of 
obse rva t ion in t h e hologram ma t r i x a re spaced s u f f i c i e n t l y c lose such 
t h a t an approximation to t h e continuous i n t e n s i t y d i s t r i b u t i o n i s 
ob t a ined . The geometry is shown in F i g . 3 . 6 . The t o t a l f i e l d at a 
p o i n t in the hologram is given by 
UT = U0 + U1 + REF (3 .62) 
where U0 and U1 are obtained by (3.29) and (3.60), and REF is the 
reference plane wave. The intensity I is 
J = UT • UT* (3.63) 
where * symbol denotes the conjugate operation. The object can be 
reconstructed more efficiently and accurately solely with the knowledge 
of the scattered field from the sphere. The recording medium (film 
transparency) records the intensity, but a more realistic approximation 
to the actual film process is to use the intensity in the computer 
hologram. 
The computer hologram is placed in the far field of the scattered 
light from the sphere such that the Fresnel approximation (Mittra and 
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Figure 3.6. Geometry for the computer construction 
of a back sca t t e r hologram. 
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Ransom, 1967) can be made. This approximation allows a simplification 
in the calculation of the phase of the rays and, more important, in the 
reconstruction of the computer hologram. The vector (Fig. 3.6) from e 
(point of emergence of a ray from the sphere) to h (point of observation) 
is 
where is a vector in the plane of hologram from the center of the 
hologram to the point of observation, and is a vector from the center 
of the sphere to the center of the hologram. The length from e to h is 
where the denotes the length of the vector when the argument is a 
vector. Applying the Fresnel approximation to (3.65) yields 
Eq. (3.66) is used to evaluate Leh in (3.29) and (3.61). 
3.5.2 Experimental Hologram Construction 
The experimental setup for the construction of holograms is shown 
in Fig. 3.7. The laser, film, optics, etc. were all mounted on a very 
heavy optical table. Lens number 1 was used not only as a converging 
Figure 3.7. Diagram of the experimental setup for 
back scatter hologram construction. 
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lens for the laser beam but also as a beam s p l i t t e r . The ref lec t ion 
from the front surface of lens number 1 was projected onto lens number 
2, where it was suf f ic ient ly expanded in order to encompass about twice 
the area of the hologram. This was done in order to obtain a f a i r ly 
uniform reference beam. Lens number 2 effects a point source of l igh t 
and the direct ion was kept p a r a l l e l to the incident beam. Lens number 
1 caused the incident beam (Fig. 3.7) to converge s l i g h t l y . Nevertheless, 
it was s t i l l a plane wave with respect to the glass bead since the 
curvature of the bead was so l a rge . The glass beads were glued to a 14 urn 
diameter black s i lk thread. The object beads were large compared to 
the thread in order to keep i t s effect to a minimum. The incident and 
reference beam opt ical path length were approximately the same. The 
holographic film used was Eastman Kodak SO-243 High Definition ae r i a l 
film. The object and reference angles were small in order not to exceed 
the resolution capabil i ty of the film and the exposure times were on the 
order of 0.5 seconds. The laser used was a Spectra-Physics Model 130B 
with a nominal power output of 1 mi l l iwat t . 
4. RECONSTRUCTION OF HOLOGRAM AND RESULTS FOR 
BACK SCATTERING 
4 . 1 Hologram Recons t ruc t ion 
4 . 1 . 1 Computer Reconst ruct ion Process 
If a p lane hologram with an i n t e n s i t y d i s t r i b u t i o n I h(x h , y h) 
i s i l l u m i n a t e d by a monochromatic l i g h t s o u r c e , then the r e c o n s t r u c t e d 
image f i e l d can be c a l c u l a t e d by u t i l i z i n g t h e Rayleigh-Sommerfeld 
theory of d i f f r a c t i o n ( M i t t r a and Ransom, 1967; De Vel is and Reynolds, 
1967). Only t h e s c a t t e r e d l i g h t from the d i e l e c t r i c sphere i s needed 
in o rder to r e c o n s t r u c t t h e ob jec t and in f a c t y i e l d s a l e s s no isy 
r e c o n s t r u c t i o n . The i n t e n s i t y was used , however, in o rder to b e t t e r 
approximate t h e phys i ca l r ecord ing p r o c e s s . 
A diagram of t h e r e c o n s t r u c t i o n process is shown in F i g . 4 . 1 . The 
i l l u m i n a t i n g source was a plane monochromatic wave of un i t amplitude and 
forming an angle 6 with the normal of the hologram in the x-z p l a n e . 
During the cons t ruc t ion process t h e r e was no r o t a t i o n in the v e r t i c a l p lane 
(x-y p lane) and consequently no v a r i a t i o n in the y d i r e c t i o n of the 
i l l u m i n a t i n g plane wave was cons idered . The o r i g i n fo r the r e c o n s t r u c t i o n 
process i s l oca t ed a t the cen te r of the hologram. The f i e l d in t h e p lane 
of r e c o n s t r u c t i o n , obta ined by employing the f a r f i e l d approximation, i s 
given by  
x exp ( - j kL h r ) dxh dyh (4.1) 
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Figure 4.1. Geometry of the computer reconstruction 
of a hologram. 
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where Lhr is the length of the vector from point h in the plane of 
the hologram to point r in the plane of reconstruction and the H subscript 
on the integral sign denotes integration over the entire hologram. The 
distance from h to r is 
where is a position vector in the plane of the hologram and is a 
position vector in the plane of reconstruction. By applying the Fresnel 
approximation (4.2) becomes 
Substitution of (4.3) into (4.1) and rearranging terms yields 
The integration in (4.4) is simply the Fourier transform of the aperture 
distribution (illuminating wave modulated by the hologram intensity 
distribution) multiplied by the Fresnel factor This is a 
slightly different way of expressing the Fresnel transform. Eq. (4.4) 
was employed to reconstruct the real image. The Fourier transform was 
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obtained by operating on the computer hologram matrix (128 x 128) with 
the Fast Fourier transform algorithm (Brigham and Morrow, 1967; Cooley 
et al., 1967; Cockran et al., 1967; Gentleman and Sande, 1966). 
In order to reconstruct the real image in the x-y plane at zr = zh, 
the hologram was illuminated by a plane monochromatic wave which was the 
conjugate (δ = - θ) of the reference beam. The reconstructed image plane 
is also a matrix of 128 x 128 points and the intensity at each point is 
obtained by multiplying the field at that point by its complex conjugate. 
The sampling period in the plane of reconstruction for a given direction 
is given by 
where τ is the number of sampling points and Sh is the hologram sampling 
period in a particular direction. Since the reconstruction period is 
proportional to the inverse of the hologram size (τSh) in that direction, 
a square hologram would yield the sampling period in the plane of 
reconstruction for both the x and y direction. A rectangular hologram 
would yield different sampling rates in the x and y directions. 
4.1.2 Experimental Reconstruction Process 
The experimental setup for the reconstruction of the hologram is 
shown in Fig. 4.2. A 5 cm focal length lens is placed between the laser 
and the hologram in order to diverge the laser beam and thus provide a 
uniform beam to illuminate the hologram. An aperture is placed in contact 
with the hologram in order to selectively illuminate a portion of the 
Figure 4.2. Diagram of the experimental setup 
for hologram reconstruction. 
46 
hologram. The hologram was placed in the conjugate or ientat ion to the 
i l luminating beam as it was with respect to the reference beam. The 
reason for th i s or ientat ion is discussed in Sec. 4 .3c. All photographs 
are of the rea l image and were taken with a F1.8 Cannon lens on a Calumet 
camera bellows and film holder. Kodak's Panatomic-X film was used for 
a l l reconstruction photographs and the in tens i ty d is t r ibu t ion graphs of 
the reconstructed sphere were obtained by measuring the op t ica l density 
of the photograph with a National Spectrographic Laboratories densitometer. 
The inherent magnification M of the holographic process when point 
sources are used (De Velis and Reynolds, 1967, Chap. 4) and the 
magnification of the photographic process were evaluated. Since the 
theore t ica l computer hologram and reconstruction were made with plane 
waves there is no magnification. Consequently, the experimental resu l t s 
were normalized with respect to the appropriate magnification. The 
magnification of the holographic process was kept small ( less than 2.0) in 
order to minimize aberration (Armstrong, 1965). 
4.2 Results 
4.2.1 Theoretical and Experimental Image Intensity Distribution 
The theoretical and experimental image intensity distribution curves 
(normalized to one) in the plane of reconstruction of a 306 μm diameter 
sphere located at a distance zh = 28 cm and a hologram angle of θ = 0° 
(Fig. 3.7) are shown in Figs. 4.3 and 4.4. Fig. 4.3 is a graph of the 
theoretical and experimental intensity distribution, respectively, along 
the horizontal (x-axis) axis through the center of the sphere. Fig. 4.4 
shows the corresponding intensities for the vertical (y-axis) direction. 
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Figure 4.3. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along horizontal axis. 
48 
Figure 4.4. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along vertical axis. 
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The theore t i ca l and experimental image in tens i ty curves (normalized 
to 1) for a 266 μm diameter sphere located at a distance zh = 15 cm and 
at a hologram angle θ = 15° (Fig. 3.7) are depicted in Figs. 4.5 and 4.6. 
The horizontal in tens i ty is shown in Fig . 4.5 and the ve r t i ca l in tens i ty 
in Fig. 4 .6 . 
The various highlights associated with the reconstructed image are 
indicated in Figs. 4.3 through 4 .6 . I t is in te res t ing to note tha t the 
two highlights (peaks) in Fig. 4.5 are more pronounced than the two major 
highlights in Fig. 4 . 3 . This is due to ro ta t ing the hologram 15 degrees 
towards the sphere. The horizontal in tens i ty graphs are not symmetrical 
as would be expected since an off-axis geometry in the horizontal plane 
is used. The ve r t i ca l in tens i ty graphs, however, are symmetrical. The 
actual photographs of the reconstructed spheres are shown in Fig. 4 .9 . 
4.2.2 Effect of Hologram Size and Hologram Object Distance on the  
Reconstructed Image 
Fig. 4.7a is a graph of the normalized -10 dB width of the 
in tens i ty d is t r ibut ion in the plane of reconstruction as a function of 
the distance zh of the hologram from the sphere. It is important to 
notice tha t the -10 dB width increases l inear ly with decreasing object 
distance zh. As the object distance is decreased beyond the Fresnel 
l imi t , the width should increase sharply and asymptotically approach one 
as zh approaches zero. As the hologram is moved closer to the object 
more information is recorded on the hologram, thus a be t t e r reconstructed 
image is achieved. 
A semi-logarithmic graph of the normalized -10 dB width of the 
reconstructed image in tens i ty dis t r ibut ion as a function of hologram area 
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Figure 4.5. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along horizontal axis. 
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Figure 4.6. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along vertical axis. 
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Figure 4.7a. Graph of the normalized -10 dB width 
as a function of object d is tance. 
Figure 4.7b. Semi-logarithmic graph of the normalized -10 dB 
width as a function of hologram area. 
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is given in Fig. 4.7b. As would be expected, the image width increases 
as the hologram area increases. 
In order to obtain an excellent or near perfect image of the 
original sphere, it is necessary not only to decrease the object distance 
but also to increase the hologram size. 
4.2.3 Effect of Hologram Misalignment on the Reconstructed Image 
The effect of not properly orienting the hologram with respect to 
the illuminating light beam is quite pronounced. It has been shown by 
Mittra and Ransom (1967) and Goodman (1968, Chap. 8) that the hologram 
should be placed in the original position at which it was made if the 
virtual image is to be reconstructed without distortion. And, if the 
real image is to be reconstructed then the hologram must be placed in the 
conjugate position. This result is easily verified for the dielectric 
sphere shown in Fig. 4.8. Fig. 4.8c is a photograph of the reconstructed 
image, formed with the hologram correctly aligned, of a 270 μm diameter 
sphere for zh = 26 cm, δ=0°, and M (magnification) = 8.95. The line, 
in Fig. 4.8c, tangent to the top of the sphere is the 14 μm supporting 
silk thread. The thread appears in this photograph because an abnormally 
large amount of highly reflective adhesive remained on the thread. Figs. 
4.8a and 4.8b are photographs of the reconstructed spheres formed with 
the hologram misaligned in the horizontal plane by 10 degrees in both 
directions of rotation (δ = - 10°, Fig. 4.2). Figs. 4.8d and 4.8e are 
photographs of the reconstructed images formed with the hologram misaligned 
in the vertical plane by 10 degrees in both directions. 
In order to reconstruct a hologram it is necessary to have some 
prior information either in what manner it was made or what the image 
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Figure 4.8. Photographs of the reconstructed image of a 270 μm 
diameter sphere for zh = 26 cm, θ = 0°, and M = 8.95, 
illustrating the effect of hologram misalignment 
during the reconstruction process. 
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Figure 4.9. Photographs of the reconstructed image for 
three different size spheres. 
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should look like. Without this information it would be extremely 
difficult, if not impossible, to systematically reconstruct the object 
from which the hologram was made. 
4.2.4 Particle Size Determination 
The size of a spherical object can be determined by measuring the 
reconstructed image and then dividing by the appropriate magnification 
associated with the hologram process and reconstruction optics in order 
to obtain the original size. 
Fig. 4.9a is the reconstructed image of a 3.18 mm diameter sphere 
located at a distance zh = 26 cm. By measuring the sphere diameter in 
Fig. 4.9a and dividing by the magnification M = 1.58, the true diameter 
of the dielectric sphere is determined to within 2%. Figs. 4.9b and 
4.9c are the reconstructed images of a 306 and 266 μm diameter spheres, 
respectively. These spheres were discussed in Sec. 4.2a. By dividing the 
image diameters by magnifications of M = 12.6 and M = 7.89, respectively, 
the diameters are determined within 15% of the true diameter. 
A great deal of care must be exercised in constructing and 
reconstructing back scatter holograms in order to achieve consistent and 
reliable results. While size measurements are being made, information 
concerning number density per unit volume and spatial distribution can 
also be obtained. 
5. CONSTRUCTION OF THE FORWARD SCATTERED HOLOGRAM 
5.1 Introductory Concepts 
Silverman et a l . (1964) and Parrent and Thompson (1964) have 
demonstrated tha t the far f ie ld (Fraunhofer f ie ld) forward scat tered 
l igh t from a water droplet (D ≤ 400 μm) and an opaque disc of 
equivalent cross-section are remarkably very s imi la r . Consequently 
in order to calculate the forward scat tered f ie ld of a small d i e l e c t r i c 
sphere in the Fraunhofer region, it is reasonable to assume the sphere 
to be an equivalent diameter opaque disc and calculate the far f ie ld 
diffraction pat tern for i t . This assumption yields a tremendous 
simplif ication in the calculation of the forward sca t te red f ie ld since 
the geometry of the object has been reduced from a three dimensional 
sphere to a two dimensional opaque disc s i tua ted in the plane of the object 
which is perpendicular to the direct ion of observation. 
The above model assumes t h a t , if the d i e l e c t r i c sphere is suff ic ient ly 
small, the contribution to the forward scat tered l igh t from transmission 
through the center portion of the sphere is negl igible as compared to the 
contribution from diffraction at the edge of the sphere. This is 
def ini te ly val id for far f ie ld distances using small spheres. The model, 
however, wi l l be invalid for near f ie ld calculations or if the spheres 
become too l a rge . The work done in th i s report is within the region of 
va l id i ty of the above model. 
5.2 Calculation of Forward Scattered Light 
In order to obtain the forward scat tered l igh t from an opaque 
d i sc , the sca la r theory of diffraction for a plane aperture w i l l be used 
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(Mittra and Ransom, 1967; Born and Wolf, 1959, Chap. 8) . The 
transformation from the object plane to the hologram plane is given by 
where and are the posi t ion vectors in the object and hologram 
planes, respect ively , U is the f ie ld at a point in the object plane, 
and G (L– , L+ ) is a Green's function such tha t G = 0 in the plane z = 0. 
The integrat ion is performed over the en t i re object plane (Fig. 5 .1) . 
The Green's function is given by 
where 
Therefore 
Figure 5.1. Geometry for the computer construction 
of a forward scatter hologram. 
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where 
The boundary condition in the plane of the object for a normally 
incident plane wave is 
Ue = 1 - Ud (5.4) 
where 
Ud = 0 Xe > a 
Ud = 1 Xe ≤ a . 
Substitution of (5.3) and (5.4) into (5.1) yields 
incident aperture 
incident aperture 
Eq. (5.5) is integrated over the aperture of the incident plane wave. 
If the aperture, however, is large compared to zh then the integration 
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can be assumed to extend to infinity. The first integral can now be 
evaluated and is equal to exp (-jkzh ) (De Velis and Reynolds, 1967, 
p. 33). Thus the first integral in (5.5) yields the undiffracted 
portion of the incident plane wave. This is a very important result 
since this term provides the reference plane wave in order to construct 
the hologram. Substitution of this result and the value of Ud (Eq. 
(5.4)) into (5.5) yields 
where the integration extends solely over the area of the disc. If the 
point of observation (xh, yh, zh) is in the Fresnel region of optics then 
and or such that for all and to be considered 
For the evaluation of Leh in the denominator of the integrand in 
(5.6) it is quite sufficient to assume Leh = zh. Utilizing the above 
assumptions for the Fresnel optics, Eq. (5.6) becomes 
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For a ≤ 150 μm, the second term in the exponential 
under the integral is small compared to wavelength and can be neglected 
(Faunhofer approximation). With this approximation, the integral is 
simply the Fourier transform of the opaque disc function Ud. Performing 
the integration in (5.9) and reorganizing terms yields 
where J1 is the Bessel function of the first kind and 
and, finally, intensity distribution in the plane of the hologram is 
given by 
The first term in (5.11) represents the normalized background intensity 
which serves as the reference beam for the holographic process. The 
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incident reference beam diameter must not only be large as compared to 
zh but also must be considerably larger than the sphere diameter. The 
third term is the Airy intensity distribution that results from a 
transparent hole of radius a in a large opaque screen. The second term 
in (5.11) represents the interference between the background illumination 
(first term) and the diffracted light from the sphere. In this term 
the holographic information necessary to reconstruct the object is 
contained. 
The magnitude of the third term is small compared to the first 
or second and can be neglected. The hologram, consequently, looks like 
a negative Fresnel zone plate (Stigliani, Mittra, and Semonin, 1967). 
When the hologram is illuminated by a plane monochromatic beam, the 
first term in (5.11) produces an undiffracted plane wave whereas the 
second term produces a real and virtual image of the object. The term 
involving the sine provides the negative and positive focusing and the 
Bessel function determines the reconstructed sphere. 
5.3 Construction of Hologram 
5.3.1 Computer Hologram Construction 
The geometry for the computer hologram construction is shown in 
Fig. 5.1 and it was constructed in a manner analogous to that described 
in Sec. 3.5.1. A 128 x 128 point hologram matrix was generated by using 
Eq. (5.11). Even though the hologram is placed in the Fraunhofer 
region of the sphere, the hologram is still a Fresnel hologram in the 
sense that the quadratic term was not neglected. Consequently, 
the Fresnel transform must be utilized in order to reconstruct the object. 
Figure 5.2. Diagram of the experimental setup for 
forward scatter hologram construction. 
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The spa t i a l frequency of the in tens i ty d is t r ibut ion is not as large as 
that for the back sca t te red s i tua t ion since it is an in - l ine system and 
the incident plane wave is normal to the hologram. A communication 
concerning the spa t i a l frequencies in the hologram tha t can be expected 
was given by S t i g l i a n i , Semonin, and Mittra (1967). Thus the sampling 
requirement to obtain a reasonable representation of the continuous 
hologram was not as r e s t r i c t i v e for the forward s ca t t e r as it was for 
back s ca t t e r . 
5.3.2 Experimental Hologram Construction 
The experimental setup for constructing forward sca t t e r holograms 
is shown in Fig. 5.2. The glass spheres were suspended on the 14 μm 
s i lk thread and placed in l ine with the incident beam and the hologram. 
A 2.5 cm focal length lens is placed between the laser and the sphere 
to diverge the laser beam in order to illuminate the ent i re film. The 
film was placed normal to the incident beam. The film used was 
Kodak's SO-243 and the exposure time was approximately 2.5 mill iseconds. 
The method was analogous to that described in Sec. 3 .5 .2 . 
6. RECONSTRUCTION OF THE HOLOGRAM AND RESULTS 
FOR FORWARD SCATTERING 
6.1 Hologram Reconstruction 
6.1.1 Theoretical Reconstruction Process 
The method of reconstruction for the forward scatter situation is 
analogous to the one described for back scatter holography (Sec. 4.1.1). 
For forward scatter holography, the reference and reconstruction plane 
waves are incident normally to the hologram. Eq. (4.4) is valid for 
this situation if δ = 0 and the sphere is in focus at zr = zh . The 
diagram for the computer reconstruction process is shown in Fig. 4.1. 
6.1.2 Experimental Reconstruction Process 
The experimental reconstruction method is also analogous to the 
method for back scatter holography (Sec. 4.1.2) and the corresponding 
setup is depicted in Fig. 4.2. The hologram, however, was positioned 
normal to the illumination and the camera was also put in line. Forward 
scatter holography has the disadvantage that the out of focus virtual 
image and the undiffracted background light cannot be separated from the 
real image. With proper care, however, excellent reconstructions can be 
obtained. The experimental process was performed with point sources both 
for construction and reconstruction. Thus the experimental results were 
normalized with respect to holographic and photographic magnification in 
order to correlate with the theoretical results. The holographic 
magnification was also kept small (less than 2.0). 
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Since the holographic construction and reconstruction were taken 
in line, the reconstructed sphere is circularly symmetrical in the plane 
of reconstruction for both the computer and experimental reconstructions. 
6.2 Results 
6.2.1 Theoretical and Experimental Image Intensity Distribution 
A theoretical and experimental graph of the intensity distribution 
(normalized with respect to one) along a line through the center of the 
reconstructed sphere in the plane of reconstruction is shown in Fig. 6.1. 
The dielectric sphere is 120 μm in diameter and was located at a distance 
zh = 15 cm from the hologram. It is important to notice that there is a 
relative minimum or valley in both the theoretical and experimental 
intensity distribution at the geometrical center of the sphere in the 
reconstruction plane and; there is a highlight or peak at the extremity 
of the reconstructed image. This is due to the fact that only a finite 
size hologram was used to reconstruct the sphere and therefore the 
information contained in the peripheral zones of the hologram diffraction 
pattern is lost. Consequently a better representation of the actual 
object can be reconstructed by increasing the size of the hologram. The 
radial distance of the experimental intensity distribution was along the 
horizontal axis (x-axis) in order to remove any effects of the supporting 
thread in the area of contact with the sphere. The experimental trace 
also has a valley in the center and a peak near the edge of the 
reconstructed sphere. The film performs the process of eliminating the 
information from the peripheral zones of the hologram by virtue of its 
finite sensitivity. Since most, if not all, silver halide base films 
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Figure 6.1. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along a radial axis. 
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have at most a 20 dB sensitivity range, any information below this will 
not be recorded and consequently never contribute to the reconstructed 
image. This lack of information contributes to the finite slope of the 
sides of the reconstructed sphere. This edge enhancement of the 
reconstructed image, nevertheless, is a very useful property for droplet 
size measurements as will be discussed in Sec. 6.2d. 
Fig. 6.2 illustrates the theoretical and experimental intensity 
distribution for a 252 μm diameter sphere located at a distance zh = 15 
cm from the hologram. The experimental curve in Fig. 6.2 shows many 
peaks and dips as the reconstructed sphere intensity is traversed. The 
peak of most interest, however, is the one closest to the edge of the 
drop. For this case the theoretical intensity distribution has a deep 
valley in the center whereas the corresponding experimental intensity 
distribution is relatively flat with many small peaks and valleys. The 
experimental reconstructed image photographs for both cases are shown 
in Fig. 6.3a and Fig. 6.3b, respectively. 
In the calculation of the theoretical intensity, the sphere was 
assumed to be an opaque disc whereas the water drop or dielectric sphere 
is actually translucent and thus there is some transmission of light 
through the center. The increase in intensity at the center is more 
pronounced for the larger spheres (252 μm in diameter, Fig. 6.2) than 
for smaller spheres (120 μm in diameter, Fig. 6.1). A contributing 
factor to this phenomena is that more light is transmitted through 
larger spheres than smaller ones. Another point to consider is that 
the theoretical intensity distribution is derived by sampling the hologram 
at finite intervals. The information between the interval is lost and 
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Figure 6.2. Graph of the normalized reconstructed image intensity 
distribution as a function of distance along a radial axis. 
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this may also contribute to the deep valley for the computed intensity-
distribution. It is also interesting to note that the actual diameters 
for the two previous cases (Fig. 6.1 and Fig. 6.2) are not at the same 
level down from the maximum intensity. 
Fig. 6.3 contains some actual experimental photographs of the 
reconstructed spheres. Figs. 6.3a, 6.3b, and 6.3c are reconstructed 
photographs of a 252 μm diameter sphere at zh = 15 cm, 120 μm diameter 
sphere at zh = 15 cm, and 90 μm diameter sphere at zh =10 cm, 
respectively. The respective magnifications are; M = 16.2, M = 30.8, 
and M = 37.2. The horizontal line in the photographs is the 14 μm silk 
thread used to suspend the spheres. 
6.2.2 Effect of Hologram Size and Hologram Object Distance on the  
Reconstructed Image 
Fig. 6.4 is a graph of the normalized -3 dB width of the computer 
reconstructed image as a function of object distance zh for two spheres 
of 30 and 50 μm in diameter. The normalized -3 dB width increases 
linearly with decreasing object distance. The maximum value the curves 
can attain is unity which means that the -3 dB width is equal to the 
diameter. There is, however, a possibility of a slight overshoot as 
the curve approaches the theoretical limit but it will approach one 
asymptotically as the hologram distance is decreased to zero. The 50 
μm diameter sphere has a slightly greater -3 dB width than does the 
30 μm diameter sphere. As the sphere diameter increases, the forward 
diffracted light becomes more localized and thus more information is 
contained in the same size hologram for a larger sphere. 
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Figure 6.3. Photographs of the reconstructed image for 
three different size spheres. 
Figure 6.4. Graph of the normalized -3 dB width 
as a function of object distance. 
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Fig. 6.5 is a semi-logarithmic plot of the normalized -3 dB 
width of the computer reconstructed image as a function of hologram 
area for a 30 μm diameter sphere at zh = 15 cm and a 50 μm diameter 
sphere at zh = 10 cm. The -3 dB width increases almost l inear ly ( s l igh t 
curvature) with increasing hologram area, for a hologram area of less 
than 1.0 cm2 . The curvature for the 50 μm diameter sphere at zh = 10 cm 
is l a rger and the -3 dB width is considerably closer to the actual 
diameter. This is to be expected since there is more information on 
the same size hologram for the 50 μm diameter sphere at zh = 10 cm than 
for the 30 μm diameter sphere at zh = 15 cm. It should be remembered, 
however, tha t for large hologram size the Fresnel approximation is not 
s t r i c t l y va l id . The r e s u l t (Fig. 6 .5 ) , never theless , appears to be 
consistent and states that a hologram of 10 cm2 would be sufficient to 
specify the diameter of a 50 μm diameter sphere located at zh = 10 cm 
to within 3%. That is by measuring the -3 dB width. In practice, 
however, the sensitivity of the film would prevent the recording of the 
extra information gained by using a larger film. Consequently the 
advantage of size is lost in practice. 
6.2.3 Effect of Hologram Misalignment on the Reconstructed Image 
The effect of misalignment, during the reconstruction process, on 
the reconstructed sphere is not quite as pronounced for forward scatter 
holography as it is for back scatter holography (Sec. 4.2c). The effect 
of misalignment on the reconstructed image is shown in Fig. 6.6 for a 
252 μm diameter sphere located at zh = 15 cm and M = 16.2. The correct 
reconstructed image for this sphere is illustrated in Fig. 6.3a and the 
Figure 6.5. Semi-logarithmic graph of the normalized -3 dB 
width as a function of hologram area. 
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intensity distribution in the plane of reconstruction is shown in Fig. 
6.2. The effect of misalignment by 15° in one plane (Fig. 6.6a) is 
not too drastic whereas misalignment by 30° (Fig. 6.6b) changes the 
shape of the intensity distribution from circular to rectangular. 
Finally, misaligning the hologram in both the vertical and horizontal 
planes by 15° (Fig. 6.6c) also distorts the circular shape of the 
intensity into a rectangle. The corners of the rectangle intensity 
distribution, however, are distorted. 
Correct positioning of the hologram in the reconstruction process 
is not necessary to obtain relative results but it is recommended in 
order to obtain accurate size information. 
6.2.4 Particle Size Determination 
A very accurate size measurement can be made by making a calibration 
curve establishing the relationship between the peak to peak distance 
(henceforth called P) and the actual diameter of the sphere. The peaks 
referred to are at the edge of the intensity distribution of the 
reconstructed image before the intensity descends steeply towards the 
background level (Figs. 6.1 and 6.2). A family of such curves was 
generated theoretically and is shown in Fig. 6.7, which is a graph of 
the normalized peak to peak distance (henceforth called PN) as a function 
of sphere diameter for various hologram to object distances of zh = 10, 
15, and 20 cm. The circles correspond to the experimental data and are 
all within 4% of the theoretical curve. The curves in Fig. 6.7 do not 
vary linearly with diameter and PN asymptotically approaches unity as 
the sphere diameter increases. It is also important to note in Fig. 6.7 
77 
Figure 6.6. Photographs of the reconstructed image of a 252 μm 
diameter sphere for zh = 15 cm and M = 16.2, illustrating 
the effect of hologram misalignment during the 
reconstruction process. 
Figure 6.7. Graph of the normalized peak to peak distance 
as a function of sphere diameter. 
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that the PN increases towards unity as the object distance zh decreases 
for the same diameter sphere. 
A b e t t e r comprehension of the theore t i ca l l imit of t h i s technique 
for p a r t i c l e s ize determination can be obtained from Fig. 6.8 which is 
a semi-logarithm p lo t of sphere diameter as a function of PN for 
distance of zh = 10, 15. and 20 cm. The in tersect ion of the curves with 
the diameter axis determines tha t value of diameter for which PN equals 
zero. The extrapolation of the l ines in Fig. 6.8 determine the l imit ing 
diameter for which th i s technique can be used at the various object 
dis tances . For the zh = 20 cm line the intersect ion occurs at 14 μm 
and for zh = 15 cm the in tersec t ion occurs at 2.5 μm. These theore t i ca l 
l imits may not be at tained in pract ice because of the film sens i t i v i t y 
since the contrast of the interference fringes decreases as pa r t i c l e 
size decreases. 
The graph of PN versus sphere diameter is very useful in order to 
gain some insight into the technique but is not in the best form in order 
to es tabl ish a pa r t i c l e s iz ing method. Fig. 6.9 is a logarithmic graph 
of the sphere diameter as a function of P for the hologram distances of 
zh = 10, 15, and 20 cm. Thus by knowing P and the object distance zh, 
the s ize of the sphere can be determined from Fig. 6 .9 . 
If the three curves in Fig. 6.9 are numerically f i t t ed to an n th 
order equation of the form D = ρPσ where ρ, σ are constants . Then for 
zh = 10 cm, 
D = 2 .103P 0 . 8 6 6 9 ; (6.1) 
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Figure 6.8. Semi-logarithmic graph of sphere diameter as a 
function of normalized peak to peak distance. 
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Figure 6.9. Logarithmic graph of sphere diameter as a 
function of peak to peak distance. 
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fo r zh = 15 cm, 
D = 4 . 2 2 3 P 0 . 7 5 0 3 ; (6 .2 ) 
and fo r zh = 20 cm, 
D = 8 . 7 1 4 P 0 . 6 1 6 1 . (6 .3 ) 
The c o r r e l a t i o n c o e f f i c i e n t s for ( 6 . 1 ) , ( 6 . 2 ) , and ( 6 . 3 ) are a l l i n 
excess of 0 .998 . In order to ob ta in an expres s ion r e l a t i n g D and P for 
d i s t a n c e s wi th in the 10 to 20 cm r ange , exponen t i a l funct ions of the 
form p = ζ1 exp(n 1 z) and σ = ζ2 exp(n 2 z) were numer ica l ly f i t t e d to 
the r e s p e c t i v e cons tan t s in ( 6 . 1 ) , ( 6 . 2 ) , and ( 6 . 3 ) . The cons tan t s ζ 1 , 
ζ2 , η1 , and η2 were determined and the c o r r e l a t i o n c o e f f i c i e n t of 
these funct ions were 0 .996. Therefore the express ion which r e l a t e s D 
(d iameter ) to P (peak to peak d i s t ance ) w i th in t h e range of zh = 10 to 
20 cm and a P of 20 t o 250 μm i s 
D = ρPσ  (6 .4 ) 
where 
ρ = 0.5053 exp(0 .1422z h ) 
and 
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σ = 1.2305 exp(-0 .03415z h ) . 
Eq. (6 .4 ) w i l l y i e l d r e s u l t s accura te to w i th in 4% in the range 
s p e c i f i e d . 
7. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH 
7.1 Summary of Results and Conclusions 
7.1.1 Back Scatter Holography 
Figs. 4.7a and 4.7b indicate that the normalized -10 dB width 
of the reconstructed image intensity in the plane of reconstruction 
increases linearly with decreasing object distance zh and increases 
logarithmically with increasing hologram area. The effect of 
misalignment of the hologram during the reconstruction process is 
discussed in Sec. 4.2.3 with the conclusion that alignment is critical 
to the accurate reconstruction of the original object. By measuring 
the reconstructed image diameter and correcting it by the appropriate 
magnification, the original diameter of the sphere can be determined 
within an accuracy of 15% or better. Large spheres yield more accurate 
results. 
7.1.2 Forward Scatter Holography 
In Sec. 6.2.1 it was shown that the reconstructed image in tens i ty 
in the plane of reconstruction has a minimum (valley) at the center and 
a peak (maximum) near the edge of the sphere. This peak associated 
with the forward s ca t t e r image is quite useful in determining drop s i z e . 
A cal ibrat ion curve of the peak to peak distance as a function of 
diameter was generated on the computer and is depicted in Fig. 6.9 for 
spheres ranging from 20 to 250 urn in diameter and object distance of 
Zh = 10, 15, and 20 cm. The theore t i ca l l imit of th i s technique as a 
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function of object distance is determined by the intersection of the 
normalized peak to peak curves with the diameter axis (Fig. 6.8). 
Accuracies of 4% or better can be achieved with this technique. It is 
illustrated in Fig. 6.4 that the normalized -3 dB width of the image 
intensity distribution increases linearly with decreasing object distance. 
The normalized -3 dB width asymptotically approaches unity as hologram 
area is increased (Fig. 6.5). Finally, the effect of misalignment in 
the reconstruction process is illustrated in Fig. 6.6. Misalignment 
effects are not as pronounced for forward scatter holography as for back 
scatter holography. 
7.1.3 Conclusions 
In order to perform drop size measurements using holography it is 
necessary to have the hologram correctly aligned in the reconstruction 
process with respect to the manner in which it was made. Alignment is 
more critical in back scatter holography than in forward scatter 
holography. One disadvantage for forward scatter holography is that the 
sample volume must be placed between the incident laser beam and the 
film. Sometimes this may not be easily implemented and the sample volume 
may be changed slightly. In back scatter one can construct the hologram 
without physically disturbing the sampled volume. Forward scatter 
holography, nevertheless, will usually yield more accurate size determination 
than back scatter holography. In both methods, particle density and 
spatial distributions can be made as well as size studies. 
7.2 Recommendations for Further Study 
At present, neither the theoretical model nor the laboratory or 
field experiments have been entirely adequate in investigating the use 
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of holography for spherical particle studies. Therefore, from the results 
reported in the preceding chapters, further research recommendations are 
as follows: 
1) Extensive laboratory experiments should be performed using 
actual water droplets and a pulse laser. 
2) The theoretical approximation to the back and forward scattered 
light from a dielectric sphere should be extended and the 
corresponding computer programs made more efficient. 
3) Film effects should be included in the computer hologram 
construction process and a considerably larger hologram matrix 
should be used in order to obtain a finer sampling of the 
hologram and reconstructed image. 
4) Extensive theoretical and experimental study should be done 
on the two sphere problem. 
5) Finally, some consideration should be made with regard to the 
computer construction and reconstruction process in order to 
perform an analysis on objects near to the hologram such that 
the Fresnel approximation is not valid. 
APPENDIX 
ASTIGMATIC PENCIL OF RAYS† 
A.1 Represen ta t ion of a Penc i l 
Light r ays in a homogeneous, i s o t r o p i c medium are s t r a i g h t l i n e s 
which can be r ep re sen t ed by a vec to r wave number ( length of 
The rays form a congruence of normal and according to 
the theorem of Malus and Dupin, (Born and Wolf, 1959, p. 131) ; t h i s 
p rope r ty i s p rese rved a f t e r any number of r e f l e c t i o n s or r e f r a c t i o n s a t 
an i n t e r f a c e . A p e n c i l is composed of rays which are c lose to a c e n t r a l 
( p r i n c i p a l ) r a y . By c loseness i t i s meant t h a t t h e i r d i r e c t i o n s are 
almost p a r a l l e l and the s h o r t e s t d i s t ance between t h e two rays i s sma l l . 
Unless the rays are p a r a l l e l , a po in t on a n o n - c e n t r a l ray can inc rease 
i t s d i s t ance wi th the c e n t r a l ray wi thout bound as i t i s moved f u r t h e r 
away from the p o i n t of c l o s e s t approach. I t i s nece s sa ry , t h e r e f o r e , 
to speci fy c loseness with r e spec t to a neighborhood or even a p o i n t on 
the p r i n c i p a l r a y . The most convenient way to speci fy a p e n c i l is by 
i t s i n t e r s e c t i o n with a plane normal to the p r i n c i p a l wave 
vec to r (F ig . A .1 ) . For un i formi ty , the p o i n t of i n t e r s e c t i o n of the 
p r i n c i p a l ray with the plane w i l l be l o c a t e d a t the o r i g i n and the 
d i r e c t i o n of the p r i n c i p a l ray w i l l be the z - a x i s . A ray of a p e n c i l 
i s completely s p e c i f i e d by i t s i n t e r s e c t i o n with the normal 
p lane and i t s wave vec to r The n o n - c e n t r a l ray vec to r  
must have the same length (k) as the p r i n c i p a l r a y . I f i s s m a l l , then 
†This s e c t i o n was w r i t t e n from pe r sona l communication with G. A. Deschamps, 
Antenna Labora tory , E l e c t r i c a l Engineering Department, Univers i ty of 
I l l i n o i s 
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Figure A.1. Geometrical representation of a ray in a pencil. 
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it is approximately perpendicular to the principal ray vector. Because 
of continuity, is small in a region only if is small. 
Both and (called the coordinates of the ray) are two-dimensional 
vectors which are related linearly when they are small (paraxial 
approximation) and can be expressed as 
where C is a 2 x 2 matrix, and are the corresponding column matrices 
for the vector and They are 
where the matrix elements are the components of the respective vector. 
The normal congruence of rays requires that the curl 
which implies that C be symmetric, that is, C be its own transpose. The 
matrix C describes the curvature of the constant phase front at the 
point where C is evaluated. The symmetry condition allows C to be 
diagonalized by a rotation of reference axes about the z-axis. When 
this is performed 
where Z1 and Z2 are the principal radii of curvature. They are positive 
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for a divergent beam. The matrix C will be called the curvature matrix 
and the inverse of C will be called the focal matrix. That is 
the foci of the pencil are located at z = -Z1 and -Z 2, which are the 
eigenvalues of the focal matrix. The gaussian curvature is given by 
or 
Either matrix defines the curvature of the phase front at the point of 
evaluation. How th i s property changes under propagation, r e f rac t ion , 
and ref lec t ion by a surface wi l l be described. 
A.2 Ti l t ing the Representation of a Pencil 
In order to solve the problem of refract ion and ref lec t ion for 
oblique incidence, it is convenient to use a representation of a pencil 
based on a cross-section tha t is not normal to but instead is tangent 
to the interface at the point of in tersect ion (Fig. A.2a). 
It may be assumed tha t the or iginal reference axes have 
been rotated about the z-axis such that axis is in the plane of 
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a) 
b) 
Figure A.2. Geometry of a ray oblique to the reference plane. 
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incidence plane) and, consequently, l imi t consideration to that 
plane only. The t i l t e d frame w i l l be designated by such that 
coincides with and forms an angle a with (Fig. A.2b). If 
a non-central ray in te rsec ts a point then to f i r s t order the ray may 
be considered p a r a l l e l to and therefore , the in tersect ion 
with the oblique plane is given by 
where 
The vector which represents the var ia t ion of the wave vector from 
i t s direct ion for the pr inc ipa l ray , can be transformed in a s imilar 
manner since it is also a vector in the plane normal to the pr inc ipa l 
ray. I t is preferable to express in the t i l t e d frame by i t s projection 
on the oblique plane because Sne l l ' s Law means conservation of th i s 
projection under refract ion or re f l ec t ion . The re la t ion between 
and is given by 
The re la t ion between is l inear and is given by 
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where Co = k θ C θ 
is the oblique curvature representation. Eq. (A.7) can be obtain 
by substituting (A.1) and the converse of (A.5) into (A.6). The 
transformation of the representation of a ray from the normal to the 
oblique is given by 
It is interesting to note that the determinant of the transformation 
matrix is unity. 
A.3 Propagation of a Pencil 
Consider a pencil described at the origin by a matrix F. The 
coordinates of a ray at the origin become at a transverse 
section a distance z away (Fig. A.3). The transverse vector is 
invariant and the transverse position varies linearly with z. That is, 
Realizing that (converse of (A.1) and substituting this into 
(A.9) yields 
94 
Figure A.3. Geometrical representation of the propagation 
of a pencil. 
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Thus the transformed focal matrix is 
FP = F + zI (A.11) 
A. 4 Refraction at a Plane Surface 
In order to solve the problem of the transformation of a pencil by 
refract ion, a t race of the pr inc ipa l ray using Sne l l ' s Law must f i r s t 
be made. The incident wave vector forming an angle a with the normal 
becomes forming the angle β (Fig. A.4a). A t i l t i n g of the 
representation for both the incident and refracted pencil must be 
performed. I t is important to r ea l i ze that in the oblique representation 
the transformation is the iden t i ty matrix due to the fact that 1) 
because the incident and refracted rays in te r sec t the plane interface 
at the same po in t , and 2) because of Sne l l ' s Law. Thus by using 
(A.8) the refracted quant i t ies are 
where the t subscript denotes that β must be used in evaluating the 
matrix. If the focal matrix of the incident pencil is F, the focal 
matrix of the refracted pencil such that is obtained 
by solving for and in (A.12) and subs t i tu t ing into the converse of 
(A.1). This yields 
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a) 
b) 
Figure A.4. Geometry in the plane of incidence for refraction 
and reflection at a plane surface. 
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or 
where  
Thus the focal matrix of the refracted pencil is given by 
Ft = (kt/k) T F T . (A.14) 
A.5 Reflection at a Plane Surface 
Reflection can be considered a specia l case of refract ion with 
β = α + π (Fig. A.4b). The transformation matrix in (A.14) becomes 
and it would be convenient to use a different sign convention for the 
reference frame in order to make T = I. 
The ref lected pencil is the mirror image of the incident one. 
Therefore it would be represented by the same focal matrix and a specif ic 
ray would be represented by the same coordinates provided the 
ref lec ted axis is the mirror image of the incident reference axis (Fig. 
A.4b). Thus is a l e f t hand frame if is a r igh t 
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hand frame and vice versa. This convention for ref lec t ion sha l l be used 
throughout. 
A.6 Refraction at a Curved Surface 
The curvature of a refract ing surface can be defined in a manner 
analogous to that of the wave front of a ray. If is the uni t normal 
at the or igin of the surface, the normal at a neighboring point 
is such tha t is pa ra l l e l to the surface and is l inear ly re la ted to 
Τ by 
v = Cs τ  (A.15) 
where C is the curvature matrix of the surface at the origin. 
Considering an incident ray close to the principal ray, then the 
point of intersection with the surface is, to first order, the same as 
that of the refracted ray. That is as for the plane interface. 
The direction of the refracted ray, corresponding to is 
different from solely because of the surface curvature. The vector 
can be evaluated as if the neighboring incident ray was parallel 
to the principal ray and therefore is parallel to Utilizing 
the similar triangles depicted in Fig. A.5, then 
where  
is the variat ion of the wave vector normal to the surface. Substi tuting 
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Figure A.5. Geometry of refraction at a curved surface. 
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(A.15) into (A.16) and writing it in matrix form yields, 
if it is recalled that and the oblique curvature representation 
(A.7) is used, Eq. (A.17) can be written as 
and the corresponding oblique refracted curvature of the ray is 
Cot = Co + ∆ Cs . (A.19) 
The normal curvature matrix after a refraction is thus given by 
A.7 Reflection at a Curved Surface 
This can be handled in a manner analogous to that in Sec. A.5 
(Fig. A.4b). Thus, 
and, therefore 
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Using (A.5) and (A.6), Eq. (A.22) can be expressed in normal form as 
because β = α. 
Finally, using Eq. (A.1), the second Eq. of (A.23) can be written 
in normal curvature matrix form as 
Cr = C + 2 cos α θ-1 Cs θ-1    (A.24) 
and the corresponding focal matrix is the inverse of the curvature 
matrix. 
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